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Gospel of Universal Man

Every Child. at birth, is the universal man. But, as it grows, we turn it into "a petty man".
It should be the function of education to turn it again into the enlightened "universal man".

The Religion of Humanity, the Universal Path. the Welfare of All. Reconciliation, the Integral
Vision- these five mantras should become View of the Future. In other words, what we want henceforth
is not this religion or that religion, but the Religion of Humanity ; not this path or that path. but the
Universal Path : not the well-being of this individual or that individual, but the Welfare of All : not
turning away and breaking off from one another, but reconciling and uniting in conicord and
harmony : and. above all, not the partial view of a narrow creed, not the dual outlook of the material
and the spiritual, but the Integral Vision of seeing all things with the eye of the Divine.
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BLOCK - 1

INTRODUCTION

The Block deals with the methods which help us in understand
the relationship and how to establish the functional relationship of eco-
nomic variables. In economics we come across linear and Non-linear
relationshyips of variables. To establish such relationship the function and
functional relationship of number help us. The simultaneous equations
make us to determine the market equlibrium of price and quantity de-
mand and supplied with the help of functions, we can determine the
production of commodities and how much to produce to have optimal
profit. '

Another mathematical tool is calculus. This tool helps to derive total
revenue, average revenue and marginal revenue functions. Similarly we can
derive total cost, average cost, & marginal cost functions. These are
important for finding equilibrium of firms, maximing profit, and minimising
Cost.
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MATHEMATICAL METHODS-1

Unit-1 : FUNCTION AND FUNCTIONAL RELATIONS

1.0 NUMBER SYSTEM

In Mathematics, we deal with numbers. A study of the order and regu-
larly among numbers is an important feature of mathematics.

The whole number system is divided into Three main categories
of numbers.

01. Real Numbers.
02. Imaginary Numbers.
03. Complex Numbers.

Let me introduce to you real number system.

1.1 NATURAL NUMBERS AND INTEGERS

You are familiar with the counting numbers 1,2,3.............. They
are called natural numbers. [ These natural numbers and also called posi-
tive integers, denoted by N=1,2,3 4...... their negative counterparts, such
as-1,-2,-3,-4...... one called negative integers.)

‘0’ (Zero) is not a natural number. It does not represent any
number of natural objects.

1.2 WHOLE NUMBERS

The set containing all natural numbers and zero is set of whole
numbers; denoted by W

Sow={0,1,234........... }

The set contains positive or natural numbers, The opposites of
positive numbers and zero is called Set A integers.

It is denoted by Z



Negative Numbers Positive Numbers
‘

+1, 42,43, which are to the right of zero are called posi-
tive integers. -1,-2,-3....... which are to the left of zero are called nega-
tive integers. Zero is neither negative nor positive.

— s -
1,3 FRACTIONS AND RATIONAL NUMBERS

Along with the whole numbers we have fractions also, such as
2/3, 5/9 and 9/10. Similarly we have negative fractions ; such as -2/3,
-5/4 and -9/10. The positive and negative fractions together make up the
set of all fractions.

1.4 RATIONAL NUMBERS

A rational number is defined as the ratio of two integers. Sup-
pose m and n are two integers, then m/n is a fraction. If a number can be
expressed as a fraction, it is called a rational number. Of m and n are two
integers, then m/n is rational number provided n is non zero integer.

Example: 2/3 is a rational number. All the whole number can be ex-
pressed as ratio but all rational numbers are not whole numbers. Thus
we say that the set of all integers along with the set of all fractions make
up a set rational numbers.

1.5 IRRATIONAL NUMBERS

Certain numbers can not be expressed in a form of fraction, such
numbers like ¥2, [T or e are called irrational numbers, numbers which
cannot be expressed as fraction and which possesses non-repeating and
non-terminal decimal in their values are called irrational numbers.

1.6 REAL NUMBERS

Integers, Fractions, Rational and Irrational numbers alltogether
form a system of numbers which is called Real numbers system. Real
number system, therefore, can be explained in the following way

Fractions Integers

I—b Rational G—J |'-"Irrational numbers
numbers
l_. Real numbers ‘J



1.7 IMAGINARY NUMBERS

The numbers with the square of negative humbers are called imagi-
nary numbers.

To find the square root of a negative number, we make use of
one(Imaginary) i otta - symbolised as’i’

i =+-1 so that i®= -1

Supose x* = -4 we write x’=4 x -1
x2=4 i2
f X =24 =42
1.8 COMPLEX NUMBERS

At a time we come across numbers which have combination of
both imaginary and real numbers such numbers are called complex num-
bers.

Forexample: 24 ./-9 =2+3;

1.9 CONCEPT OF FUNCTION

Before understanding the concept of function let us first under-
stand the variables.
In algebra we use symbols to denote relationships. Such symbols (say x,
¥,z) which can take any value are turned as variables. While symbols
which can take any one and only one value in the relationship is called a
Constant. In economics, consumption (a) with out income is called Con-
stant. We study price - quantity, relationship - quantity, demand is a
variable , price is a another variable. We have two types of variables,
they are (1) Discrete and (2) Continious. Suppose the height of a man
increases from 5 ft 2 inches in a particular year. Height of a man is a
variable quantity, but this is also true that man’s height could not have
increased from 5 ft to 5 ft 2 inches in all of a sudden. It must have
increased continiously. A variable which can take all possible values its
range is called Continious Variable. The sales of a car in the different
months of a particular year. It varies from month to month, such vari-
ables one discontinious or discrete variable.



1.10DEPENDENT  AND INDEPENDENT
VARIABLES

The variable whose value is arbitrarily assigned is called inde-
pendent variable. The variable whose value is determined after certain
value has been given to variable is called Dependent Variable. For ex-
ample: Savings (s) depends on income (y); savings (s) is dependent vari-
able and income (y) is independent variable.

Many a time it is observed that different variables are related to
each other in a particular way. For example: Height of a man depends on
the age of a man. Demand for product depends on its price in the mar-
ket. The change in any variable are not of great importance unless they
are associated with changes in related variables.

. In the above examples we study that relationship of variable
among different variables. There is a connection between correspond-
ing values ; a dependence of one quanitity upon the other, the expressing
the variable in the systematic form is called as Function.

For example: Demand (D) depends on the price (p), in mathematical
term, we would say that demand is a function of price or D=f (p) where
f stands for functional symbol. The price is a function of demand is not
a function.

Savings (s) depends on not only on income (y) but also at the rate of

interest (r) Je S=hvr)

i.e. sayings is a function of income and rate interest.

1.11 TYPES OF FUNCTIONS

We would like to understand the Algebraic and Transcendental
functions which are useful in economic application of mathematics. Al-
gebraic functions are obtained through a finite numbers of algebraic op-
erations like addition, substraction, multiplication and division through
solving a finite number of algebraic equations. Polynomials, rational and
radical functions are algebraic.

A function is transcendental function: Trignometric, Exponential
and logarithmic are transcendental.

The mathematical functions are classified into two broad cat-
egories depending upon their shapes when they are graphed; namely
linear function and non-linear functions. Whenever functions gives a
straight line on a graph it is called linear function.The curve on the graph
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isnota s_ﬁ-aight line is called as non-linear functions. Some of the functional
types which are commonly used in economics are as follows

1. Linear functions

2. Quadratic functions

3. Cubic functions

4. Exponential functions
5. Logarithmic functions

Linear function:
A polynomial function of a degree 1 is a linear function.

Example: mx+c is a linear function.
If you graeh the function you get the straight line.

y

y=mx+c
y=2x+4

Example let y=2x+4
ifx=1 y=6
x=2 y=8
x=3 y=10

We come across frequently linear functional relationship in eco-
nomic analysis.

.1.12 LINEAR EQUATIONS

Linear Equation with one unknown:
A mathematical statement that states the equality between two
expressions is called an equation.
For example: 5x=25 is an equation if x is'5 then 5(5)=25
: 25=25
This expression is called identity.

Solution of linear equation:

By solving a equation we mean, the determination of the particu-
lar value of the unknown which satisfies the given equation. Sj;xppose
5x+8=0 then x=-8/5 therefore x can have only value = -8/5 to satisfy
the equation.



1.13LINEAR EQUATION WITH TWO UNKNOWN

If an equation contains two unknown quantities say x and y then
by giving definite values to one of unknown quantities the correspond-
ing values for another can be obtained. Suppose 3x+y=9 if x=1, then
y=9-3 or y=6. '

Equations such as 2x-y=1, 3x+y=9 which are satisfied by the
same value of the unknown quantities are called simultaneous equations.

1.14 SOLUTION OF SIMOULTANEOUS EQUA-
TIONS

To solve simultaneous equations we require as many distinct in-
dependent equations as there are unknown to be found. If two unknown
have to be determined two distinct equations are required. If three un-
knowns; three equations are needed and so on. Let us understand how If
two unknown have to be determined, two distinct equations are required.
If three unknpwns : three equations are needed so on.Let us now under-
stand how to get a solution to two unknown quantities. Let us now take
an example

3x-2y=5

5x-y=3
First we follow the method of elimination. We make the Co-efficients of
one of the unknowns equal in both the by given equations by multiplica-
tion or division. In the above equation we will multiply by 2 in the sec-
ond equation. '

3x-2y=5

10x-2y=6
y variable as negative sign in both the equations. Therefore we shoul
change the all variables signs in the second equation.

3x-2y=35
-10x+2y=-6
-Tx=-1
x=1/7
Next substituting x value to any cne of the « :zinal equations we get
value of y. 3(1/7)-2y=5
3/7-2y=5
-2y=5-3/1
-2y=(35-3)/7
-2y=32/7
y=-16/7

1.15 NON-LINEAR FUNCTIONS




Quadratic functions and equations

The functions y=f(x) is said to be quadratic provided the
polynomial degree or the highest power of x in it is 2.

Example: y=x*+3x - 4

y=x’+3x -4

S

1.16 SOLUTIONS OF QUADRATIC EQUATIONS

The quadratic equation is normally written as ax*+bx+c=0 where
a,b,and c are constants depending on the assignment of values to these
constants we get particular equation.

There are three alternative methods to solve quadratic equations.

1) Factorization method.
2) Completing square method.
3) Formula method.

1.17 FACTORIZATION METHOD

Example of the equation is x>-16x+48=0
(a=1, b=-16, and c=48)

In the factorizing method the given equation should split the co-effecient
of x namely -b into 2 parts, so that after the split the sum is once again
equal to b and the product of these two bits equals the product axc. ‘In
the example axc=1x48=48

Let us split the ‘b’

-1x-15=15

-2x-14=28

-3x-13=39

-4x-12=48

-5x-11=55 and so on...

The most possible splits needed is -4 x -12=48 =axc

Hence the given equation is rewrite as
x*-4x-12x+48=0

Next, take common factor between last two terms.



x(x-4)-12(x-4)=0
ie. (x-4) (x-12)=0

Since it is a quadratic equation, it has two values namely x=4 and x=12.

1.18 COMPLETING THE SQUARE METHOD

In this method the first term of the LHS of a given equation is rear-
ranged into a perfect square by appropriate manipulations.

We know that (a+b)*=a’+2ab+b’
Let a=x, and rewrite the equation as
x?-16x+48=0
x2-2x8+48=0
In modified form A=x and B=8
In the above equation there is no B*term. Let us add and substract 8 to
the LHS of the above equation
i.e. x>-2X8+82-82+48=0
i.e. (x-8)2 =82-48
=64-48=16

Therefore (x-8)=V1614

x-8=14

x=8+4=12

x=8-4=4
Thus x=4 and x=12 are two values

Formula
If quadratic equation is ax?+bx+c=0

the solution is bbb —4ar
X =
: 2a

This is the standard formula.

For example: x>-16+48=0 o —(-16) i‘/(l 6)” —4(1)(48)

Let a=1, b=-16, c=48 2(1)
5 - ~C16)£4/(256) -192)
= 5 |
X = - (-16)+./(256-(192)
2
¥ = 16 + ~/64
2

10



or _
X=_1_6__Jf_8:12 X=16_8_=4
2 2

" so x=12 and x=4 are two values.

Cubic Functions:
The cubic functions will have x* term in it.

Example: ax*+ax’+ax+48=0

1.19 EXPONENTIAL FUNCTION

The type of function where constant base and variable power is
called sequential function.

Example: y=a* _
y=e* where e=2.71828

1.20 LOGARITHMIC FUNCTION

In a logarithmic function we measure x vlaue along the x-axis
and the corresponding logarithmic values along the y-axis
Example: y=log x
x=ABY
log x =log A +y log B

y = 1 log s~ log A
log B log B
Let _LB=[3 and logAd _
log log X

Then, Y=o+ P log x

Another functional term is double logarithmic
Let log y =0t + [ log x
= o+ log xP
logy-log xP=q
logy/x*=a
y/xP=¢®
sy =e*xP = AxP when A=e®
if B = - 1 this becomes y=A or xy=A which is a rectangular hyperbola.
o

if B >1, y axis rapidly (i.e., increasing rate) as x increases.

if B <1, by >0, y axis slowly at (decreasing rate) as x increases.

11



if B is negative, y will decrease with increase in x.

Positive exponent less than 1(B<1) are used in production func-
tion and negative exponents is demand analysis.

1.21 CHECK YOUR PROGRESS

3, Find the rational numbers from the following numbers

3,\/1_6.——5—,2\/3_,;-,2.7 and -5
Prove that V5 is an irrational number

Find the value of 1) x*+25=0

ii) x* -16=0
4. Identify following functions
a) y=k
b) y=a+bx+cx?
c) y=a+bx+cx’+dx?
d) y=b*
e) y=log bx
J. Solve the equations
a) 4x+3=2x+5
b) 3Ix+2=x+6
c) * 6x*10x+4=0 by using formula and verify through
factorization method.
d) a’-100a+24=0
6. Solve
1) 51x-31y=51
31x-51y=31
2) 6x-5y=4
8x-3y=4

1.22 KEY TERMS

Function, Natural number, Integers, Whole numbers, Imaginary
numbers, Complex numbers, Dependent Variable, Independent Variable,
Linear equation, Simultaneous equation, Non-Linear functions, Quadratic
equations, Exponential Function, Logarithmic function.

1.23 FURTHER READING

1. G.S. Monga, Mathematics and Statistics for Economics,
Vikas Publishing House Pvt. Ltd.

Z R. Veerachary, Quantitative Methods for Economists, New
Age International Publishers
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2.5  Check your progress

26  KeyTerms
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2.0 INTRODUCTION

Economic theories simplify reality of the world. Theories estab-
lishes effect. The cause and effect can be measurable with the help of
mathematical system. In economics we come across theories which are
called as static equilibrium. The variables relationship in economics theo-
ries are linear in nature. Many a time we assume the linear relationship in
measuring cause and effect in economics. One of such linear relationship
is found in demand function law. The law of demand simply states other
things remaining the same, when the price falls demand expand and vice-
versa. Similarly supply law indicates that the quantity of supply has posi-
tive relation with its own price. Individuals, economic agents achieve
their own goals behaving rationally.

A demand schedule is a list of prices and corresponding quanti-
ties since demand schedule obeys the law of demand price and quantity
demanded vary inversely as we assume that individual seller or buyer
cannot influence the market. Therefore market is very important here. A
market consists of the buyers and sellers of a good or service. In a mar-
ket, the interaction of buyer and sellers determine the prices that one
established and the quantities that are translated the two sides of a mar-
ket is represented by forces of demand and supply.

The market demand function expresses the relationship between
quantities demand and prices in a functional form. When the relationship
between price and quantity demanded is plotted on a graph we get a
demand curve.

2.1 DEMAND FUNCTION

~ The demand curve is based on market demand schedule which
shows the amount of the commodity that buyers are prepared to buy at
different prices. In demand function price is the independent variable.
The linear demand function is normally written as Q=a-bp. Here b is
elasticity between quantity demand and price is always negative(-b). The
minus b show the downward sloping nature of the demand function.

Example: of a=50 and b= -2, Then the corresponding Walranian demand
fucntion takes the form Q=50-2p so0+
40t
830 Demand curve

& 50-N\ Q=50-2p

10er

Yttt
10 20 3040 50
Quantity Demand

14



The above demand function can be drawn on a graph. In graphical i"ep-
resentation we measure the independent variable P and vertical axis and
the dependent variable Q along horizontal axis.

Diagrammatic representation Demand law/demand schedule

Q1= 50-2p
put p=0 Q=50
putQ=0 p=25

Problem 2.1 when the price of rice was Rs.2 number of units available
20 when its price came down to Rs. 1, he sold 40 units. Obtain the linear
demand function first we know that the standard form of linear function
is Q=a+bp. In this problem first relationship is 20=a-2p

25-’-
20+ Qs =100+2p
15T
10+
05+ -

) R N I S |

50 100 200

Qs

It is also true that the demand went to 40 when its pﬁce came down to
Rs.1 we get
- 40=a+b

Now we have two equations with two unknown namely a and b to get
the value of b let us eliminate a first by substraction 40= a+b from 20=a+2b
ie. ;

+ 20=+a+2b )

- 40=-a -b ey

-20=b

"b=-20

To obtain value of a we should substitute b value in equation 1 of above
b=-20 ' '

20=a+2b

20=a+2(-20)

20=a-40

a=20+40 a=60

-~ Q=60-20p is the demarid equation or demand function

15



2.2 SUPPLY FUNCTION

In the market the relationship between quantity supply and its
own price of is positive. Therefore supply function is upward sloping
function

For example if a=100 and b=2
QS = 100+2p
& P=0 QS= 100

P=20 QS= 160

Problem 2.2: when the price of rice was Rs. 2 per unit; 10 units were
supplied to the market. When its price went up to Rs. 4 the supplier
supplied 40 units to market capital. Obtain a linear supply function

First, we should subtract (3) from (2)

We get the value of b.

' 10=a+2p
-40= -a+4p
-30=-2p
2p=30

30

P = = 15

The value of a can be obtain by simply substituting of value of b to
equation (2)

10=a+2(15)

10=a+30

a=20

o Qg =20+15p

2.3 MARKET EQUILIBRIUM

So far we have learnt only the demand function and supply func-
_tion of market of a commodity. The above functions are based on linear
. relationship.

A market equilibrium occurs when the prevailing price equals
quantity demanded to quantity supplied. The equilibrium refers to .

16



the(price, quantity). Pair at which intersect at a point. At that price,
buyers find that they are able to buy exactly the amount that they are
- demanding at the prevailing price and suppliers are able to sell exactly
the amount they are willing to supply at the prevailing price.

The market equilibrium is setting up by equating Q =Q.. For find-
ing the market equilibrium we should have a demand and supply func-
tions of a commodity. .

Example 2.3 If the demand functions of a commodity is Q d=20'0—5p and .
supply function Q =4p-79, Find the market price and quantity and draw
the graph.

Soltuion:

‘To get equilibrium Q =Q,
. demand fucntion = supply function
2000-5p = 4p-79 :
Take a P value to one side, and constant values on the other side
-3p-4p=-79-200
9p=279 )
In the both the sides negative sign, according to mathematical
rule, these can make positive
. we have
9p=279
P = ey = 32
9
Substituting p value to any one of the original equations we get market
quantity, hence let us take
Q,=200-5p
When p=31
Q,=200-5(31)
=200-1553
7 = 45 units
In this problem the market price is Rs. 31 and quantity demanded
and supplied is 45 units.

Diagrammatic Representation

Demand function Q | =200-5p, p=0, Q ;=200
Q =0, p=40

Supply function Q =4p-79

When Q=0 when Q= 100
Q= 4p-79 100=4p-79

17



-4p=-79 -4p= - 100-79
p=19=19.75 4p=179
4 p=44.75

100t
9 T
80 T
7/1)i
60
50 A

o -P\ /
30 1
20 -/(31,45)

10 4

Price

y D
20 40 60 80 100 120 140 160 180 200 220 240
Example 2.4 Quantity

Under perfect competition the demand and supply functions of a
commodity one given as under

Q=f(p)=10-5p
Q=(p)=-5+5p
Determine the market price and quantity Graph the functions. The mar-

ket equilibrium exists under the perfect competition if the quantity of a
commodity demanded if equal to the quantity supplied.

deQs

In the above problem let us take demand equation in the left hand side
and supply equation in the right hand side to find the value of one of the
variables

+10-5p= 5+5p

- 5p-5p=-5+10

-10p=-15

- 10p=15
p=15/10=3/2
Substituting p value in the demand equation Q =10-5p

Q,=10-5p
Q,=10-5(3/2)
Q,=5/2 (Quantity)

p=3/2 and Q/Q =5/2

Diagrammatic representation
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2.3 IMPACT OF TAX AND SUBSIDY ON MARKET
EQUILIBRIUM

Government plays an important role in economic development.
Sometimes government directly or indirectly intervention in market to
change the existing pattern of consumption. Among various measures of
government, the taxation on the purchase and sale of certain commodi-
ties. In this section we try to use the tools of demand and supply analysis
to get some insights into the probable effects of such government inter-
ventions.

The government can levy taxes either as per unit of quantity sold
or on the price, Similarly subsidy is also gives either per unit of quantity
or as the price.

Example: 2.5

Given the demand function Q,=20- 2p and the supply Q =-4+3p
a) find the equlllbrlum price and quantity
b) find the price and quantity sold if a tax of Rs. 2.5 per unit is imposed.
¢) what will be total revenue of the government from this tax
d) find the price and quantity sold if subsidy of Rs. 1 Per unit is given by
the government.

Solution

a) By setting supply equal to demand are get
20-2p= -4+3p
-5p=-24

p=24/5=4.8 (price)

Substituting value of p in the demand or supply function to obtain equi-
librium of quantity

. - Q=20-2p = 20-2(4.8) Q,=10.4 Units -
b) Let us consider the case of when a tax of Rs. 2.5 per unit is
imposed.
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The imposition of tax would give an upward shift of supply func-
tion by the amount of the tax. When tax is imposed the demand will
decrease and price will increase when compared to before tax situation.

The new supply function is

i ) = -4+3(P-5/2)
= -443p-15/2
Q, =-23/2 +3p

After specific task of Rs. 2.5 per unit is imposed the new equilibrium
price and quantity is:
+20-2p= -23/2+3p
- 2p-3p= -23/2-20
5p=63/2
p=6.30 (price)
Substituting value of p in the demand equilibrium we get
Q =20-2p
= 20-2(6.3)
7.4 Units
¢) Total Tax revenue

We get total tax revenue when we multiply the tax unit to total
number of qunatity.

Since total quantity is 7.4 units . Tax rate is Rs. 2.5
To=Tq
=7.4(2.5)
=18.5 =Rs. 18.5
d) Consider the case of subsidy. In these case the government pays the
seller of a coomodity a certain fixed amount per unit in this problem.
Usually the supply curve slope a downwards by the amount of subsidy.
The new supply function becomes
Q  =-4+3(p+s)
= -443(p+1)
=-443p+1
=-343p
After given subsidy of Rs. 1 per unit the market equilibrium price
and quantity are
> 20-2p=-3+3p
S5p=23
p=23/5=4.6(Price)
Substituting value of p=4.6 to demand equation then
Q, =20-2p
= 20-2(4.6)
=20-9.2
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= 10.8 units
' Total expenditure of government

Total expenditure spent by the government can be calculated by
multiple the subsidy per unit to total number of units sold.
T,=5Q
Where
T, is total expenditure
S is subsidy per unit
Q, is total quantity

T; =1 X 10.8 =Rs. 10.8
24 CHECK YOUR PROGRESS

1 a) Slope of demand curve.......................

b) Slope of supply curve............cceevennnn.
2 If the linear equilibrium is y=a+bx

a) If the equilibrium is demand function the sign of b is....... eserne
b) If the equilibrium is supply function the sign of bis................

3 Clarify the following equations into demand equation and supply

equation.
a) y=2x+5 b) y=2x-5
c) y=4x d) y= -4x-6
f) y=-2x

4 Let the equations for the demand and supply curve of a particular com
modity be Q = 8096-3596p and Q = 500+4000p. Solve for equilib
rium price and quantity and graph the curves.

5 The demand function of coffee is Q = -50p+250 and supply function is
Q=25p+25
a) find the market equlibrium price and quantity
b) If a specific task of Rs. 2 per unit is imposed on the producer
work out the change in price and quantity
c¢) Graph the results r~

e~

6 Given the demand function p=25-2p and supply function S=p-2. Find
the equilibrium price and quantity

a) find the equilibrium price and quantity after imposition of tax of Rs.
0.50 per unit. What will be the total revenue ?
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b) find the quantity and price if subsidy of Rs. 1 be given per unit of
commodity sold. what is the total amount of subsidy ?
7 The demand and supply functions of two commodities p and q are
~ given  as under
i) D =10-3p +p,
D =20+2p -5p
q p g
S =9
P
s =14
E

Find the equilibrium prices and quantities exchanged in the market

2.6 KEY TERMS

Demand Schedule, Market Equilibrium, Demand Function,
Supply Function, Tax and Subsidy

2.7 FURTHER READING

1. G.S. Monga, Mathematics and Statistics for Economics,
Vikas Publishing House Pvt. Ltd.

2. R. Veerachary, Quantitative Methods for Economists, New
) Age International Publishers
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APPLICATIONS OF NON-LINEAR FUNCTION IN
ECONOMICS
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3.2 Production Transformation Curve
3.3 Pareto’s Law of Income Distribution
3.4 Check Your Progress

3.5  Check Your Progress
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UNIT -3

3.0 INTRODUCTION
APPLICATION OF NON-LINEAR FUNCTION IN ECONOMICS

Many a time the relationship of variables in economics is non-
linear in nature. When the price is increase or decrease the quantity sup-
ply and quantity demanded are not increae/decrease proportionately. This
type of relationship is called non-linear in nature. The non-linear type of
relationship is found in market equilibrium production function, Paretor’s
law of income distribution, investment theories etc. In this section we
are confined to non-linear function relationship of market equilibrium,
production transformation curve and Pareto’s law of income distribu-
tion.

3.1 MARKET EQUILIBRIUM

Demand and supply forces in the market are not proportionate in
the nature. In such circumstances we get non-linear functional relation-
ship between demand function and supply function. Here we restricted
to any quadratic functions of demand and supply functions.

Example 3.1: suppose the demand function for commodity is
Q,=10-5p? the supply function is Q = -5+5p. find the equilibrium price
and quantity exchanged in the market.

In this problem the demand function is non-linear and supply
function is a linear.

In this problem degree of power is two. This is in the form of
quadratic function. Therefore we should use the quadratic formula i.e

-btb* -4dac
2a

Now we recollect that we should equate supply and demand functions
to get the market price and quantity demanded.
Therefore

X=

Qd=Qs
10-5p*= -5+5p
10-5p*+5-5p=0
-5p*-5p+15=0

Change the sign in the above equation, we get
5p*+5p-15=0

This is in the form of quadratic equation. Therefore we should use qua-
dratic formula (a=5, b=5, ¢c=-15)
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B — p—
p o SEO) ~4(-15)5)

2(5)
p= -5+ /25 + 300
10
-54
p = 5+ 18 .02
10

Here p has two values . p has minus value and plus value. We consider

any positive value.

S 13 .02 - 1.302

Substituting the value of p to demand or supply equation. we get
sk, =10-5p? '
=10-(5(1.302)*
=10-8.47
=1.53
Example 3.2: Given the following demand and supply functions for a
competitive market find the market price and quantity.
9Q+5p=40
 9Q=p>-4
Solution: .
First we take one variable in one side and another variable on the
other side. . '
9Q=40-5p
9Q=p>4 -
Q variable has same value in both equation, therefore we can write
40-5p=p*-4
Bring all values in one side and make other equal to zero.
40-5p-p*+4=0
-p*-5p+44=0
Change the sign through out the equation

p*+3p-44=0
This equation in the form of ax?+bx+c=0
x=p, a=1, b=5 c=-44

. —-b+b*-4ac
2a

p_ 25 -4
B 2(1)

F
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-51J25+176
2

P=~5i-\/201

‘ 5 :
—51214.18 -918 9.18

Substituting value of p to demand equation we get
| ©9Q. =40-5(p)
=40-5(4.59)
=40-22.95
=17.05
9Q =17.05

Q 2”‘90 =189 . P-459 .0=189

3.2 PRODUCTION TRANSFORMATION CURVE

e

= 4.59

Economists define production in quite general term. Production is de-
fined as any activity that transforms inputs into output. A production set
consists of those combination of inputs and outputs such that the corre-
sponding amount of output can be produced from the given inputs.

Suppose the firm can produce two types of goods: N-bombs and rice
with same inputs. Some possible combinations are:

N-bombs(hundreds) Rice(Million tonnes)
100 0
90 40
70 N 70
40 90
0 ' 100

These above combinations can be represented by means of production -
transformation curve(PTC). In diagrammatic representation. It is as fol-
lows

-

N-Bombs
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Example 3.3

A comapny which produces x and y amount of steel of two dif-
ferent grades, using the same resources as its production transforma-
tions curve is (x-80)(y-60)=1200. Find the maximum of X can be pro-
duced and also the maximum of y it can produce. What amount of x and
y should be produced to have y=3/4 x? Draw PTC on graph

Solution:

PTC is (x-80)(y-60)=1200
xy-60x-80y=1200-4800
xy-60x-80y=1200-4800
xy-60x-80y=-3600

To produce maximum of x, put y=0
x(0) -60x-80(0)= -3600
-60x=-3600
_ =3600
- 60
x= 60 units
X .. =60 units To produce maximum of y put x=0

xy-60x-80y=3600
0 0- 80y=3600

y_3_620-45 oY =43 units
80

if y =3/4x
xy-60x-80y=3600
(3/4)x2-60x-80(3/4)x= -3600
-(3/4)x2-60x -60x= -3600
To eliminate 4 in the denominator we multiply 4 to the equa-
tion
-3x24240x+240x=14400
-3x*+480x-14400=0
We can simplify above equation by divide by -3
x?-160x+4800=0
The above equation is in the form of quadrat:c therefore we should

use formula
x-—bt \/ b* - 4ac
a=1, b= -160, c-4800
x = = (-160):+ (160)* - 4(1)(4800)

2(1)

x = —(160) £ (160)? - 4(1)(4800)

2(1)
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- 160+ V6400
2
160 - 80
2
160+80 _ 240 _
2 2
when x=40 y=(3/4)x40=30
s x=40 y=30

X

X= 120

| | | l
| I I

0 1
10 20 30 40 50

s

Example 3.4
A company produces two types of textiles x and y using the
same production process. The PTC is x+y*+4y-20=0. Find the maxi-
mum amount of x and y that can be produced and the outputs of x andy
when they are produced in the proportion 4:1 Draw the graph
PTC= x+y*+4y-20=0
The produce maximum of y = put x=0
_ x+y*+4y-20=0
It is in the form of quadratic function we should use formula of
-Y a -bt+/b’ —4ac
2a

a=1, b=4 ¢c=-20
y= —41:\/ (4)* —4(1)(-20)
2A)
-4+ +/16 +80
2
- 4 + +/96

2
-4%+9.79
2 .

AL
2 :

To produce maximum of x put y=0
x+y*+4y-20=0
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Put y=0 x-20=0
x=20
80:20
If they are producing in 4:1 proportion
mean if y=2.89x=11.56

y=20 x=80
:
3 = =

x=20 y=2.89
2 4
1-'_
L

10 20 30 40

33 PARETO’S LAW OF INCOME DISTRIBUTION

~ In economics we discuss frequently the income distribution of
the community. To measure the poverty or pattern of income distribu-
tion in the economy the pareto’s law helps in measurement. In almost all
countries we notice a certain degree of inequality of income distribution
exist in the context Vilfredo Pareto’s proposed a law which can be used
to measure the income distribution of the community
The pareto’s law is

4
Ve
where N indicates the number of people whose income exceed x . The A
is constant which is the size of the population. The b is the parameter of

the model.

Example 3.5
The pareto’s income distributionsfor a certain country is given
by
_ 8x10°
N = x32

i) Calculate the number of people whose income exceeds Rs. 1600

ii) Calculate the number of people whose income lie in between Rs.
1600 and Rs. 2500

iii) What is the value of x when N=1000

29



Solution
i) The number of people having the income of Rs.1600 or more is obtain
by simply putting x=1600
N = 8% 10°
= 16007 e
this can be written as
8x10°

T 16x100)"?

8x10°

_ L) 32
m(42x102)3” (Note:4* " x10°")

8x10°

N & —p—us
4 XIO‘

_ 8x10°-10°

N ye

8x10° 8x10° 2x10°
N = — = - = >
4 4x4 4

=1,25,000

ii) The number of people having the income of Rs. 2500 or more is
obtained by simply putting x=2500
_ 8x10°
2500*'2
_ 8x10°
(25%100)*"
8x10°
(53 % 103)31’2
_ 8x10°
5*%10°
6
N = 8 ><5 130

Here the number of people whose income is in between 1600 and 2500
» €an obtain from simply substracting the from i
. 1,25,000-64,000=61,000
iii) To get the x value we put n=1000 in the given equation

= 64,000

9
L
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8x10°

1000=—>
interchange 1000 and x** %
a2 _ 8x10’
" 1000

In this problem we want value of x therefore multiply 2/3 to the both

sides
we get s
g 213
X = 8x10 ‘
1000

¢ - 2x10°]
[103 ]2!‘3 ‘
2/3 is applicable to all the terms
2*x10°
X = -
10
x=2%x10"=40,000
Example 3.6
The pareto’s law of income distribution for a nation is given by
: o 6%10°
N = X 372

a) calculate the number of people whose income exceeds Rs. 2,500

b) calculate the number of people whose income lie in between 2,500
and Rs. 10,000

¢) what is the value of x when N=6

Solution
a) The number of people having the income of 2500 or more is obtained
by putting x=2,500 6x10°
N

= 25003."2

_6x10’

(25x100)*>
6x10°

TR

_ 6x10°
(5°x10%)

6
N = 6x10><10><10><310 — 48,000
5x5%x5x%10
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b) the number of people having the income of Rs.10,000 or more is
obtain by putting x=10,000

_ 6x10°
(10,000)*?

_ 6x10°
= AnAg
= 6x10F26%10°=6000
o The nuber of people whose income is in between Rs.2,500 and
Rs. 10,000 - .
48,000-6000=42,000

¢) to get income of x we put N=6
6x10°

e X2 _6x1d

To get the value of x we should multiply 2/3 in both the side

9 p/3
e [6><10i3]2
[6F
x=10°=Rs. 100000

34 CHECK YOUR PROGRESS

1 Following are the demand and supply functions under perfect
competititon. findthe equilibrium price and quantity exchanged in the
market.

a) Q,=2p*-2p-6
Q=-p*p+18
2 Find the market equilibrium price and quantity for the following de-
mand and supply functions
x=20-5p-p*
x=6p*+5p-5
3 Fnd the market equilibrium price and quantity for the following de-
mand and supply functions :
Q,=64-8p-2p’ Q=10p+5p?
4 PTC for two types of textiles is
5% +2q%,=98
Find the maximum of q, and q, of outputs and also q,=3/4q,
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sketch the graph

5 A company produces two products x and y by using a ‘ﬁxed amount of
inputs. The PTC is given by g
A

y=20- -5—
a) Find the largest amount x that company can produce by using its
inputs
b) Find the largest amount of y that the company can produce
¢) what amount of x and y should be produced in order to have x=Sy

6 For pareto’s law N = 32x10"°

4/3
X

a) how many have incomes between Rs. 1,25,000 and price 10,00,000

b) what is the minimum income of 200 highest income receivers?

7 Pareto’s law for the distribution of income for given population
16x10"

5/3
X

N_

a) How many people have incomes below Rs. 8000 ?
b) How many people have incomes over Rs. 1,25,000 and over 10,00,000

c) What is the lowest income of top 50 incomes

3.5 KEY TERMS

Non-Linear Function, Market equilibrium, Production Transfor—
mation curve, Pareto’s Law

3.6 FURTHER READING

1. G.S. Monga, Mathematics and Statistics for Economics,
Vikas Publishing House Pvt. Ltd.

2. R. Veerachary, Quantitative Methods for Economists, New
Age International Publishers
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UNIT - 4

DIFFERENTIAL CALCULUS AND ITS APPLICATION IN
ECONOMICS’ : j ‘

4.0 INTRODUCTION

Calculus is an important branch of mathematics. Differentiattion
and integration are two parts in calculus. Calculus has wider applicabil-
ity in economics. We can notice its application to all branches of eco-
nomics more frequently we find its utility in micro and macro analyse
and understanding the theories. In this unit we confine to differential
calculus.

Calculus, which may be called the mathematics of change, mo-
tion and growth. Differentiation involves finding the rate at which a vari-
able quantity is changing. Differential calculus is concerned with instan-
taneous rate of change ¥ a given function. This is very useful in business
and economics. It attempts .~ find a function derived from a given rela-
tionship between two variablcs to express the idea of change

let the function y=£(x)
where x is the independent variable and y is the dependent variable, if the
independent variable x be increased by a change, say A X, let Ay be the
corresponding increament in the dependent variable y

Ay  =f(x+Ax)-y

=f(x+Ax)-f(x) {y=f(x)}

To obtain the rate of change of y per unit change in x. We simply divide
the above equation both the sides by A x

ie Ay _ fx+Ax)-f(x)
Ax Ax |

let y=x2 of the x changes from 1 to 2
i.e. A x=1, then y changes from 1 to 4
Ay=3sothat Ay =5

) Ax )
You can see in the figure
y
y=f(x)
x+A X, y+Ay
Ay
Ax
—
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Sk -

If x changes from 2 to 3 i.e A x=1 then y changes from4to9ieA y—S

S0 Ay =5
' Ax _
This means that A y, the average rate of change of y with x.
Ax

y is said to be function of x. If the rate of values is defined for the domain
of the values of x such that each value of x is associate with a single
definite value of ..

x2+2
x+4

we write Cy=fx)=
Given

Ex 4.1 Fmd values of y when x takes the value -2,-1,0,1,5
Solution :

a) put x=2 5
x*+
y=f(x)= Py
_GE2 42 442 _9_3
(-2)+4 -2+4 2
b)whenx=-1 _ _ (- 1)’ +2 _1+2 3 _ -1
(-D+4 3 3
¢) when x=0 = 0*+2_2_1-
(0)+ 4 4 2
%
dywhenx=1 y = -(-!)_f_zz i: 1
(1)+ 4 3 3
e) when x=5 e (-5)? +2 _25+2° 27 =7

(5)+4 -5+4 -1

f(-2)=3

f(-1)=1

f(0)=1/2

f(1)=3/5 .

f(5)= -27 '

The below 'f.ablc glves you the better msxght of differential calculus

X | y=x? Ax . Ay Ay
: ' A x

1 2.0 - = g

1.1 || 2.42 0.1 0.42 4.2

1.08 | 2.332 0.08 0.332 4.15

1.05 | 2.206 0.05 0.206 4.12
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1.03 | 2.122 0.03 0.122 4,06
1.01 [ 2.040 0.01 0.040 4.00

It is clear that as A x becomes smaller and smaller and approach to zero
Ay approaching 4.00
Ax

This can be written as limit A x=4

Ax—=0Ay

41 THEOREMS ON LIMIT

If f(x) and g(x) are two functions of x such Lt f(x) = and Lt
g(x)=m, then

i) Lt [f(x)+g(x)]=1+m
Ax—a .

ii) Lt [f(x)-g(x)]=1-m
A x-=va

iii) Lt [f(x) x g(x)]=1xm
A x—a

iv) Lt =f(x)=1
Ax=»a g(x) m
Provided m=0

4.2 CONTINUITY OF FUNCTION

We can define continuity of a function at a point a function f(x) is
said to be continuos as the points x=a Lt = f(a)= Lt f(x)
A x—a-0 x—a+0

Example 4.2
The continuity of the following functions of f(x)=x?+ for 0<x<3 *
=10 for x=3
=T7x-11 for x>3

Solution when x=3-e: we have to use the first function and so
f(3=¢€)= (3-6)* +1
=9-6€ +€’ +1
=10~6€ +€’
as e—0, f(x)~>10
s Ltf(x)=10
When x=3 we are given f(3)=10 when x=3+t. Wc have to use the func-

tion in the domain X>3
f(3+e)=7(3+¢€)-11

38 .



f(B3+e)=21+7e-11
" f(B+e)=10+7¢€

As Z -0, f(3+e)—10
f(x)=10
f—3+0 .
Thus Eti(x)= f3) = Ltf(x)
x—3-0 —3+0

f(x) is continuos at x=3

4.3 DERIVATIVES OF A FUNCTION

Let us learn how to find the value of derivative of any given
function.

Total utility (y) is related to consumption (x) y=16x?

We increase x by a small value =A x so that now x changes to
(x+A x) and with this change in x, total utility (y) changes to (y+A y).
Therefore given relationship changes to
| (y+Ay)=16(x+Ax)* -
y+A y=16[x*+2(x)(A x)+(A x)?]
[This is based on (a+b)*=a®+b%+2ab) ‘
y+A y=16y*+32x(A x)+16(A x)? }
our purpose is to find A y/A x we transpose y to R.H.S(right hand side)
A y=16x*+32y(A y)+16(A x)*-y
Substituting y=16x?in R.H.S.
A y=32x(A x)+16(A x)?
Dividing through out by A x to get requires fraction

_ 32x(Ax)+16(Ax)?
Ax .
“Since dy/dx stands for the value of fraction A y/A x when A x tends to
zero, we substitute A x—0 in the above marginal fraction.
dy=Lt Ay (32x+16x)
dx Ax—0 Ax—l

Ay

=32x16(Ax)

.1 32x+0=32x
dx
dy

32 X (marginal utility)
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44 RULES OF DIFFERENTIATION OF
ALGEBRAIC FUNCTION

Set of rules have been made to differentiate different types of
functions. These rules help us to differentiate function easily. There are
six rules very important to remember and to learn which help in eco-
nomic analysis.

Rule no. 1 constant pule
The derivative of a constant
Example y=k

then
b _dk)_
dx dx
y=>5
%3;_. = (fconstant derivative is zero)

Rule no. 2 power function rule:
The derivative of power function

Rule No. 3 Sum- difference rule

The derivative of a sum a two functions is the sum of the deriva-

tivés of the functions.
y=f(x)+g(x)
f(x) is one function and g(x) is another function

Then gy d

=l lkdlet]
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dy

—=5x"+9x°
Example if y=5x>+9x°
Then
dy . 5(2):?2'I +9(5)x*"
dx
=10x+45x*
if y=2x3-3x?+8
Then d—;" =23 -3(2)x*" +0
dx
= 6x* -6x+0

Note: (Hence 8 is constant, the derivative of constant is zero)
Rule No. 4

The derivative of the product of two functions is equal to the
first function times the derivatives of the second function plus the sec-
ond function three times the derivative of the first function

y=f(x)xg(x)
This is product functions of

Then dy d

d d
= Lf(x)]zx [g)+ g(x)*&;[f(x)]
Suppose y=(4x+8)(4x?)

% =(4x+8)% =(4x2)+4x2%(4x+8)

(4x+8)+4x%(4)

Multiply 8x to(4x+8) and 4 to 4x>
= 32x%+64x+16x?
= 48x2+64x

Rule No. 5 Quotient rule:
The derivative of the quotient of two functions:-

f(x), d[f(.vc)]= . d d -t
2 axlg )" 89 g Y W5 )
[s0F

Example
y=_8x

x3+1

& _ (o + 1);% [8x]-(8x)é_(x3 +1)

dx F+1)F
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dy _ (8x° +1)(8)-8x(3x* +0)
dx (x +1)?

Q a 8—-16x°
dx (& +1)°
Take 8 as common in numerator
) Q _ 8 -2x%)
Tdx (P +1)?

Rule No .6 Chain rule(function of a function rule)

If we have a function y=f(x) where x is in turn a function of
another variable z, say x=g(z), then derivative of y with respect to z is
equal to the derivative of y with respect to y, w, r, t, X times.

dy _dy dx
dz dxdz

Then

Example:
y=(x*+8x-8)'¢

here let (x>+8x-8)=z so that
y=2'® and z=( x?+8x-8)
we apply the chain rule to find dy/dx which is dy/dx dz/dx

Ldy _d
“dx dx
=16z"(2x+8)

= 16(x>+8x-8)"3(2x+8)

(z"’).%(xz +8x-8)

4.5 CHECK YOUR PROGRESS

1. Y=7,y=8, y=c

2. If y=u+v: y=7x5+3 ; y=x*-4x+3
3. If y=(2x*)(5x+3)
where u=2x? and v=5x+3
4. y=(x+5)(x*+3)
2x*+3 x +3
5' If y — —-——x y =
' X X

6. y=x2+1 where x=1-z* find dy/dz
7. S= 8p*+2p+3 when p=8-2q* find ds/dq
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4.6 KEY TERMS

Differential Calculus, Theorems on Limit, Continuity of
Function, Derivatives of a Function, Rules of Differentiation, Algebraic
Function.

4.7 FURTHER READING

1. Dr. Bose, Mathematical Economics, Himalaya Publishing
House.

2. R. Veerachary, Quantitative Methods for Economists, New
Age International Publishers
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UNIT -5

APPLICATION OF DIFFERENTIAL CALCULUS TO
ECONOMICS-I '

5.0 INTRODUCTION

In the previous unit we have studied the basic rules and under-
standing thz meaning of differential calculus. These basic rules help us to
apply calculus method in economics. In this unit we are learning the uses
of differenial calculus in micro-economic analysis. Here unit we apply -
differential methods to calculate linear and non-linear functional
realtionship of economic variables.

51 COST FUNCTION

Before understanding the uses of differential calculus in cost func-
tion analysis we should re2all the theoritical base of cost function.

A production set consisis »f those combinations of inputs and
outputs that the corresponding amount of output can be produced from
the given inputs. A production function is the rlationship between input
and output such that input are combined to produce the output in the
most efficient way. However, to decide how much to produce and using
which particular input combination, the firm must consider the prices of
inputs and the price of the final output. The costs and revenues are the
two components of production function. Production plan requires the
costs analyis. '

" The relationship between cost and output is known as the cost
function. Cost functions are derived from production function. In simple
form the production function states that output depends upon various
quantities of inputs. To produce more efficiently we have to analyse dif-
ferent types of cost functions. First we understand various types of cost
we come across in micro-economics.

A Total cost(TC)

Total cost is the sum of expenditure incurred by a firm in produc-

- ing a given level of output

If Q is the quantity produced by a firm at total cost C; then the
total cost function

C=f(Q)
B Average cost(AC) or Average total cost (ATC)

Average cost(AC) or cost per unit is obtained by dividing the
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total cost(C) by the total quantity produced.

AC= Total cost C
Total Quantity Q
C=AC.Q (by cross multiplication)

Note: If AC is given, we can obtain total cost by simply multiplying AC
to total quantity. In some problem they may not given total cost(C'), but
give AC. In such circumstances this equation is useful.

C Marginal cost (MC)

Marginal cost (MC) is the rate of change of total cost(C ) for one
unit change in ouput(Q). This is the additional unit of product fon.
. MC= Change in total cost or AC :
Change in total ouput - AQ
MC= d/dq(C)
dc is the marginal cost function.
dq

Thus Marginal cost (MC) is the first order derivative/ of the total
cost. y

Fixed cost or Total fixed cost(TFC)

Fixed cost is a cost which don’t vary with outp ¢ in thé short
run. It may vary in the long run. Total fixed costs are the/ a [‘)Uﬂ. spent
by the firm on fixed inputs in the short run. This is const/ant c‘t all levels
of output. Fixed cost includes rent, depreciation, irtere;st, plivt, equip-
ment etc. Total fixed costs are also called overhea;l cost 'or supple-
mentary cost or * sunk cost’ ‘

Variable cost or Total va_nable cost(TVC)

Variable cost is a cost which do vary with out)>ut. Total variable
costs are those costs which rise when output expands and fall when
output decreases. Variables cost ate wages, raw myaterials, advertise-
ment expenses etc. Total variable costs are called : @t prime costs or di-
rect costs. !

|

J

Let us generalise the total cost fun; tion. :
TC  =TVC+TPC / \ /
=f(Q)+b
From the above TC function, AC, AVC/ AFC and ATC tan be liesned as
follows /
TC =f(Q)+b

A s

Q

TVC +TFC
Q

AC =
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_fQ)+b
AC==0— & roulcost
Total output

Avarage variable cost(AVC) 1VC _ f@)  (i.e Total Variable Cost)
: Q

Q (Total Output)
Average Fixed Cost(AFC) _If_g_ _Ig (i.e Total fixed cost)
0 0 (Total output)

Average Total Cost (ATC)= AVC+AFC
[, B
Qo ¢
_fQ+B
| Q
Marginal cost(MC) d(TC)
S dQ
_di(f(@)+B] _dC
dQ dQ

5.7 RELATIONSHIP BETWEEN AVERAGE AND
MARGINAL COSTS.

P ]

T'he s lope of the average cost curve (AC) is obtained by finding
the devivative of C'/Q with respect to Q.

let us use the giiotient rule of differentiation
1\verage cost (AC)= C/Q

Then, d(AC)=d (C)
Q@ dQ Q

dgC) . d
¢ 0 C-dQ(Q)
—_— 02
Q.DC-C.1
do
.Q1

AC=-
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= 1/Q[dc/dQ-¢/Q] Quotient rule
= 1/Q [MC-AC]

= MC-AC’
Q
1. When the average cost curve is sloping downwards, Its slope will be
negative , That is
d/dQ(AC)<0i.e negative
d/dQ(C/Q)<0 i.e negative
MC-AC<0
. MC<AC
When AC curve slope downwards, MC curve will lie below AC curve

2 When the average cost curve is rising upwards, its slope will be posi-

tive, that is
d/dQ(AC) >0 i.e positive
d/dQ(C/Q)>0 i.e positive
MC-Ac>0
MC>AC

3 When the average cost curve measures at the minimum point, its slope
will be horizontal i.e zero That is
: d/dQ(AC)=0
d/dQ(C/Q)=0
“"MC-AC=0
MC=AC
which means, when Ac curve is minimum MC=AC.
That is MC and AC curve intersect each other at the point of minimum
AC. '

Example 5.1 The total factory cost (C) of making Q unit of a product is
given by Q=5q+300 and 75 units are made. Find (a) fixed cost, b) vari-
able cost, c) total cost d) variable cost per unit and e) average cost per
unit. '

Solution
a) Fﬁ(gd cost =Rs. 300
b) Variable cost = 5q=5x75=Rs 375
¢) Total cost TC= = 5(75)+300
=375+300
=Rs. 675
d) Variable cost per unit = Variable cost
‘ Units of the product
375

=——=Rs.5
75
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e) Average cost per unit
= _ Total cost
Units of the product
=675=Rs. 9
75
Example 5.2 _
Find the marginal cost (MC) for the total cost function
C=3q*-4q*+2q*-9q

Solution
C=3q*4q*+2q*9q
MC=dC =12q*-12q*+4q-9
dQ
- Example 5.3

What is marginal cost (MC) at output q=4 for average cost
function[18-20+5q]
q
Solution

We have to recollect that the total cost is not given in this prob-
lem. The average cost function is given. We can find out total cost func-

~ tion by simply multiplying q to AC

TC=(18-20+5q)q
q -
= 18-20q+5¢>
Therefore MC= d(18-20g+5q%)
' -20+10q
-20+10(4)
-20+40
20

o n

" Example 5.4

Total cost function is
TC=1 q*+6q*+12q
3 ,
Find the AC and MC
Solution TC =_1 g* + 6g*+12q
5

MC————-—(lq3+6q2+12q] w
=q%+12q+12

l 3 2
Z0*+60% +120
ACma= B

Q Q
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=1/3 @*+6q+12

Example 5.5
' Total cost function TC=200+5g+q%10. To find ou the
output at which average cost(AC) and Marginal Cost are equal

Solution TC=200+5q+g>
10
AC=TC =200+5+q
a q 10
MC=d(TC)=5+q (2q)
dq o1y
AC=MC
200+5+g=5+q
q 10 5
200=5+g-5-g
, q 5 10
" Multiply by 10q, 2000=2q2-q2
< q2=2000 :
q= V2000=44.7 =
The average cost decreases as output increases and marginal cost in-
creases with increasing output and at the output q=44.7 unit, AC=MC
at that output
AC=MC=5+44.7=13.94
5

5.3 REVENUE FUNCTION

Revenue function explains the relationship between revenue and
quantity of a commodity demanded at a given price. Let us understand
the different types of revenue functions and its relationship in produc-
tion process and planning.

(a) Total Revenue

Total revenue (R) of a firm producing a single commodity is
equal to the price per unit of output (P) multiplies by the quantity of the
commodity-sold(q)

Total revenue=Price per unit x quantity sold
R=pq(Total revenue function)
R=f(q)x q(since p=f(q) i.e demand function)
R=f(q)=q
Hence revenue function can be derived from demand function.

b) Average Revenue

Average revenue (AR) is obtained by dividing total revenue(R)
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by the quantity sold(q)
AR=Total revenue =R
Quantity sold q
AR=p [since R=pq .. AR=R=pg=p]
qQ q
The average revenue(AR) is nothing but price. AR earned per
unit of output sold. AR is having inverse function of demand function

and AR is a downward sloping curve

L]

¢) Marginal Revenue

Margial revenue (MR) represents the change in total revenue
(R) due to change in one unit of output sold(q). MR is the additional
revenue made to the TR by selling one more unit of a commodity

Marginal Revenue= Change in total revenue

Change in sales
MR=dR (Marginal revenue function)
: dq
MR is the first order derivative of the TR
Relationship between curves

The rate of fall of the marginal revenue(MR) curve is twice the
rate of fall of the average revenue(AR) curve

AR=p=a-bq
Slope of AR is d (AR)
dq
=d (a-bq)
dq
-b is the slope of the AR cuve . The intercept is ‘a’
TR  =pq
=(a-bq)q
=aq-bg?
MR =d(TR)
dq
MR= d (ag-bg?)
dq
=a-2bq
Slope MR is = d (a-2bq)
dg
=-2b
MR=-2b
Hence the linear MR function has the same intercept ‘a’ as given for the
AR function, but the slope of the MR function (-2b) is twice the slope of
the AR function (-b)
Let us prove that PN=2PA
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R=PQ
MR=dR
aQ
=d(R)
dQ
=d (PQ)

d dP
P-&E @+Q 20 ° (Product rule)

"
dQ dQ
=P+Q£

aQ
At point D
DM=P ('since Dm =AR and also AR=P)
OM=Q (demand)
IM=MR=dR/dQ
Substituting these value in MR
MR=p+Q dp/dQ
IM=DM+OM(dp/dQ)
But dp/dQ is the slope of the AR at point D [p-f(Q)]
dp/dQ is the slope of p and also p=AR
dp = PA
dQ AD
dP = - PA(Since AR has negative slope)
dQ AP
IM =DM +OM(-PA/AD)
But
OM=AD
IM:DM-H\D-PA
AD

53



=DM-PA
But IM=DM-DI
DM-PA=DM-DI
PA=DI and also
DI= AN
PA=AN
PN=PA+AN
=PA+PA........ (since PA=AN)
PN=2PA

Example 5.6 _

Given the revenue function R=80Q-2Q?15 . Find out AR and
. MR functions

Solution
R=80Q-2Q*15
AR=R = 800Q-20Q%-15 ( Average Revenue function)
Q Q
= 80-2Q-15
Q

MR=dR = 81-4Q (Marginal Revenue function)

\ dQ
~ Example 5.7 X
\ Given the average revenue function AR= 20 -10

\ | o
Find the total marginal reverfue functions
Solution TN

AR=20-10 %
o, Q
\ "\ R=ARXxQ
v =(20-10) xQ
! Q-
=20-10Q
MR=dR=d (R) =d(20-10Q)=-10
dQ dQ dR

54 ELASTICITY OF DEMAND -

; The Law of demand explains the direction of change in demand
due to change in price. But it failed to explain the ratio of change of
demand due to a small change in price. Hence Elasticity of Demand is
defined as the rate of change of demand due to a small change in price.
Suppose price fall from Rs 2 to Rs 1, the quantity demanded increased
by large amount i.e from 100 to 200. Suppose the price rise from Rs.2 to
Rs.3. the quantity demanded decreased by alarge  i.e from 200 to
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50. This is defined as elasticity of demand.

Measurement of elasticity of demand is on two criteria, nafne]y
as a) arc method and b) point method. The choice between thesé: two
methods often depend upon the nature of data available and purpose for
which the elasticity is needed. If the data is discrete in natire the right
choice would be the Arc method. If the data range is continuous, then
the point method is used to compute the elasticity. Point ¢lasticity is
commonly used in theoritical framework of the subject. 1
|

5.5 DEFINITION OF ARC ELASTICITY ‘

Suppose y=f(x), the arc elasticity of y with respectiw? X, denoted
by Ey/Ex, which is defined as the ratio of the proportional ciange in the
dependent variable y to that of the proportional change in thi: dependent
variable x. - K

Change in quantity demén__(ig_g
M= Original quantity demanded+ new quantity d :manded
Change in price

Original price+ new price

=0Q,-0Q, x op +op, =dQ=dQ x P - /
0q+0Q, op-op, dp dp Q /

/
i

5.6 DEIFNITION OF POINT EILASTICITY

If y=f(x), then elasticity of y into respective x, denoted by ey/i:x
i.e the ratio of the proportional change in the; dependent variable *y * to
that of the proportional change in the dependlent variable ‘x’

Ey=Proportional changeiny | g
Ex Proportional change in x ?
~ ‘ﬂ = E

y dx ! I3

5.7 _TYPES OF ELASTICITY OF DEMAND

In demand analysis we come across threg types of zlasticity of
demand. Thet are 1) price-elasticity of demand 2) cross elasticity of de-
mand and 3) income elasticity of demand. '

Price elasticity of demand

Generally Elasticity of Demand refers to the price elasticity of
demand . This is with reference to price changzs. It is the ratio of pro- '
portionate change in its price : T
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Pric e elasticity of demand for a commaodity is defined as

1|(eta)=Percentage change in quantity demanded
Percenttage change in price
n=dQ x100

Q
=dQxP =dQxP
Q dP dP Q

Where P :=Price
Q= quantity demand for a commodity

Utually price elasticity is negative sign because the quantity de-
manded aind the price are inversely related.

Theory of demand revealed that elasticity of demand for a com-
modity de)pends uposi a number of factors such as price of its own , price
of other comfnodities; consumers income, taste, habit etc. Therefore the
value of tle co-efficient of 1)(eta) lies between zero to . 1) tells the
nature of (lemand curve.

Kinds or degrees of price elasticity
Price elasticity of demand can be classifed into five. They are
1. Perfectly elastic dexnand or infinitely elastic demand

Thhis refers to the situation where a small rise will cause the quan-
tity demanded of the comymadity to be zero and a small fall in price will
\cause arl infinite increase in the quantity demanded of the commodity.

The nurnerical value of the co-efficient of 1) is as follows
11 =dQ X P = oo (infinite) because dp=0

P Q
| Y
Price D! D
0 : X
Quantity Demanded

Perfectly ealctic demand

2. Perfeclty Miielastic demand or zero elastic demand
This refers to that situation where there is no change in quantity



demanded of the commodity (i.e quantity demanded of the commodity
remains the same) due to even a substantial changes in price . The nu-
merical value of the co-efficient of 1 is given under ‘

1N =dQ x p =0 because dQ=0

dP Q
¥ D
P2
S p
&
|
D X
Quantity Demanded

3 Relative elastic demand or more elastic demand

This refers to that situation where a proportionate change in price.
In other words, It is that situation where a small proportionate fall in
price of a commodity is followed by a large proportionate increase in its
quantity demanded and Vice-Versa

The numerical value of the co-efficient of is | given below
N =dQ x P >1 because dQ> dP
dP Q . P

4 Relatively Inelastic demand or more inelastic demand

This refers to that situation where the proportionate change in
quantity demanded of the commaodity is less than the proportionate change
in price. In other words, the greater proportionate fall in price of a com-
modity is followed by smaller proportionate increase in its quantity de-
manded and Vice-Versa.

N =dQ x P <1 because dQ< dP
dP Q y Q P

N=d0xP<I
dP Q D
p
.3 dP
& P1 \D
dQ
Q X
Relative Elastic Demand
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Elasticity of Demand is said to be less than unity
Y

dP

Price

dQ
D

Q Q1 .,.X

Quantity Demanded

5 Unitary Elastic Demand .+ _ g

This refers to that situation where the proportionate change‘in
quantity demanded of a tommodity is equal to the proportionate change
in price. ‘

The numerical value of the co-efficient of 1 is given below
=dQ x P =1 because dQ= dP
dP Q Q P

Hence elasticity of demand is said to be equal to unity

Y
D
N
8 dP
Ao sl
g| P
Quantity Demanded

5.8 CROSS ELASTICITY OF DEMAND

We know that the demand for a commodity is not only a function
of its own price but also a function of the prices of related goods. The
cross elasticity of demand may be defined as the ratio of proportionate
change in quantity demanded of a commodity say Q resulting from the
proportionate change in the price of the related commodity say y. This is
important in the case of commodities which are substitutes and comple-
mentary Example cigarettes and beedis are substitues: pen and ink are

‘complementary goods.

Cross Elasticity of Demand= Percentage change in quantity demand dQ

Percentege change in the Price y
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n=dQ~+dpy
Q Py

=dQx py

Q dpy
=dQx py

Q Q
Where py = price of commodity y
Q= Quantity demanded for Q

The sign of the cross elasticity of demanded is negative of Q and
y are complementary goods and the sign of the cross Elasticity of de-
mand is positive if Q and Y are substitutes.

59 INCOME ELASTICITY OF DEMAND

In the theory of consumer’s behaviour we come across the rela-
tionship between demand for a commodity and income. The income elas-
ticity of demand is defined as the ratio of proportionate change in quanity
demanded if a commodity to the proportionate change income of the
consumer. The formula to calculate the income elasticity of demand is
given below. '

Income Elasticity of Demand=

Proportionate change in quantity demanded
Proportionate change in income of Consumer

_40.y
Q dy
p=2y?
Q- dy -
0.y
Where 0
Q= Commodity
y = income

For the normal goods the income elasticity is positive. For the luxury
commodity its income elasticity is greater than unity. For necessity goods
the income elsticity is less than unity.

510 MATHEMATICAL RELATIONSHIP
BETWEEN TR, AR, MR AND ELASTICITY
OF DEMAND |

Total revenue is equal to price multiplied by the quantity of the
commodity sold
TR=PQ
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Where p is the price

Q is the quantity of commodity sold. We know that the Marginal
revenue(MR) represents the change in total revenue(R) for one unit
change in output sold(Q)

To calculate MR , we have to take the first order derivative of
TR or R
~MR=d (R)
dQ
MR =d (PQ)
dQ
MR= P(1) +Q dP
. dQ
MR=P+ QdP
dQ
MR=P(1+Q x QdP)
P dQ
by taking p out of the expression on the right side
MR=P (1+___1)
(dOxP)
(dP Q)
1 (SincedQ X P=n)
=MR = P[l - —]
n

=MR = P[HQ}

n

=MR = P[l = l:|
. n

1) If n =1, then MR =0
if 1 >1, then MR>0 i.e. negative.
If | <1, then MR<0 i.e. negative.
Elasticity of demand can be easily determined if average revenue and
marginal revenue are given. In case of marginal revenue can be easily
calculated if AR and elasticity of demand are know to us .AR can be
found if MR and elasticity demand are given
Formula to determine MR, when AR and 1 are given

MRzAR[l—l
T’:
. MR = P{l—l
: n .
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Formula to calculate AR of 1] and MR are given

MR= AR
1
[
[ n]

n

AR =MR
. {1_1}
* n

. Al - MR

-

n

AR=MR

b 2

-1

AR=MR [ n

n-1

The Formula is as under

MR= AR
-]

AR ={1 1
n

| =

MR

—

]
< 5B

>

R
=1- MR
AR

AR - MR (by taking LCM)

" AR-MR

S—3==—3|
Il
]
z 0
el
g
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AR MR
Formula to determine MR, when AR and M archven

. - MR=AR
= v
=AR [E][ TJ] TR T P PR

n
Example 5.8
If MR is Rs. 50 and the price elasticity of demand is 2 find the
AR =MR n QSRR {
n — 1 o ke <)
) J%0 i ,=,50|[21”> S 74 lr;‘:”:r' aitd 3y
2-1 '
=50[2/1]
100 -y
; AR-‘Z\; 100 "
Example - X i ‘ el - ¢ ad

If MR is Rs. 50 ar. 1 the elastxcny of démand is 5. Find the price
of the commodity "

poe

AR=P=MR | _TL_| 7= =
1n-1 -
SN eren TR REEL R R CER
=505
5-1 ] L RS
-50Li1 : :
-2§_Q 62.5
4 L
Price =Rs. 6250 -+ - it

Solution

Example 5.10
If the demand funcnon Q -200-4p Fmd the elastxcnty of demand

Solution

Q= 200-4p

© 200-4p=Q

-4p= -200-Q

4p=200-Q e <
dQ= 0-4 - -
- -
n=(-4) x P

- Q
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n=4P
Q . ks
Q ;

Example 5.11 .
“  If R=50x -2x? is a revenue functlon Find the marginal revenue
function

Solution R=50x -2x?

MR=dR
dx
d
—(50x-2x
dx ( ) :
= 50- 4x
Example 5.12
Find out the marginal revenue for the demand function P= 30-
2q2 , f :‘
‘Solution . !

P =30-2q* demand funcnon )
Marginal revenue can be obtained only from total revenue function
TR. P Q Yo e  a : ]
-(30 Zqz)(q) o iy v
" =30g-2¢°

Mr=2% _30- 6t ez
Q

Example 5.13 s
Find R, AR and MR for the deman2d functlon q=100-2p, where q
is quantity demanded and P is price. "

Solution
q=100-2p demand truncthn
2p+100=q , . - -
-2p=g-100
2p= -q+100(change of sign)
p=_9t 100
2
= + 50

]!

The R (Total revenue)can be obtalned by mulnply qto demand function
R=pq »
R= {—22- + Sﬂ}q

2
q
=-—+30
2 q



=:¢*+50q
2
q
=-g+50
2
c) MR=dR
dQ
=d (-q° +50q)
dQ 2
=-2q +50 )
dq ’
MR =-q +50

a

511 CHECK YOUR PROGRESS

1 For the cost function c= 2¢? +3q+i0. Find the marginal and cost aver-
age cost when g=10 ‘
2 Find AC and MC for the following cost functions

~, ”

a)C=6+12+0 6x . .
X o . .‘._ )
b) C=22+q N 2 e

3 Prove slope of the AC curve is 1/x (MC-AC) for c= 100+x+2x2

4 The cost function of a firm C=300x 10x*+1/3 x* , where C stands for
cost and X for output, calculate the output when

1) MC is maximum ii) AC is minimum iii) AC=MC

5 Given the demand curve p=16-d°. Find the total revenue curve and
marginal revenue cueve when d=1

6 Given the demand function p=#0-2q, find the total and marginal rev-
enue functions ' '

7 Given the demand function p=25-q/2 where p is the price and q is the
quantity demanded, find ARand MR. = . e

5.12 KEY TERMS - R

Cost Function, Total Cost, Average Cost, Average Total Cost,
Marginal Cost, Fixed Cost, Total Fii;cd Cost, Variable Cost, Total Vari-
able Cost, Total Revenue, Marginal Revenue, Elasticity Demand, Price
Elasticity Demand, Arc Elasticity, Point Elasticity, Perfectly Elastic, Per-
fectly Inelastic, Relatively Elastic, Relatively Inelastic, Unitary Elastic,
Cross Elasticity income Elasticity, Mathematical Relationship between
TR, AR, MR and Elasticity. '
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